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Abst rac t - -We study the Faber polynomials Fn (z) generated by a circular lune symmetric about 
both axes with vertices at the points z = -t-a (0 < a < 2) and exterior angle aTr. An explicit 
expression of Fn(z) was obtained by computing the coefficients via a Cauchy integral formula. We 
also illustrate the location of the zeros of Faber polynomial and of its derivative. Our results include 
a circle and a segment as special cases when a = 1, 2, respectively. 
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1. INTRODUCTION 
Let E be any closed continuum (not a single point) in the complex plane C and let C denote the 
extended complex plane. The Riemann mapping theorem asserts that there exists a conformal 
mapping w = O(z) of C \ E onto the exterior of a circle Iw I = PE in the w-plane. For a unique 
choice of PE, we insist that 
~(oo) = oo, ¢ ' (~)  = i 
so that, in a neighborhood of infinity, 
O(z)=z+a0+al +a2 
z ~ +  ( i . I )  
The polynomial part of O(z) n, denoted by Fn(z) := F(z; E) = z ~ + . . . ,  is called the Faber 
polynomial of degree n generated by the set E. 
Let 
• (w)=w+b0+bl  + b2 ~ +--. (1.2) 
be the inverse function of w = O(z). Then ~(w) maps the domain Iwl > PE conformally onto C \E  
and Faber [1] proved that 
¢'(w) _ ~ Fn(z) 
¢(w) - z wn+l , ]wl > p~, Z • E. (1.3) 
am0 
In recent years, there has been a growing interest in studying the Faber polynomials for specific 
regions. Elliott [2] computed the coefficients of some Faber polynomials for the semi-disk [z[ _< 
1, Re z > 0 and for the square I i~ez] < 1, [ Imz[ < 1. Coleman and Smith [3] as well as 
Gatermann, Hoffman and Opfer [4], have studied the coefficients of the Faber polynomials on 
circular sectors. For starlike domains, Papamichael, Soares and Stylianopoulos [5] describe a 
simple process for computing approximations to the Faber polynomials. Zeros and extreme points 
of Faber polynomials associated with hypocycloidal domains are determined in [6,7]. Explicit 
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formulas and numerical results of Faber polynomials for m-fold symmetr ic  domains are studied 
in [8-10]. 
In this paper, we study the Faber polynomials Fn(z )  generated by a circular lune symmetr ic  
about both axes with vertices at the points z = +a (0 < a _< 2) and exterior angle at ,  denoted 
by D~. The normalized mapping function from Iw] > 1 onto C \ D~ is given by 
1 + \w+l , ]  
z -- ffJ(w) = a ~, 0 < a ~ 2. (1.4) 
W--1 
The branch of the root is selected such that a s > 0 when a > O. The inverse mapping of z = ~(w)  
is given by ()1 o 
1+ ~--g-g 
= ¢(z )  = 0 < ~ < 2. (1 .5)  
1 - (~-~--~) 1/a '  
The concavity of the set D~ depends on the parameter  a (see Figure 1). It  can be classified 
as the following: 
concave domains, if 0 < a < 1, 
a unit disk, if a = 1, 
D~ = 
convex domains, if 1 < a < 2, 
a segment [-2,2],  i fa  = 2. 
The Faber polynomials for D~ when a = 1, 2, and 1/2 are known. We list them in the following 
table. 
where 
a D~ 
a = 1 [z[ < 1 
¢~ z 1 O1/2  
¢(z) 
z+ ~v~=-z-, 
2 
~,(w) 
W 
w+ 1- 
w 
2 
F.(z) 
Z n 
2cos n(cos-X(~)) 
--~ In 12] ~Zn_2k 
k=O 
[;]:{n o, y, i fn i seven ,  and C k - -  
n~____A, if n is odd, (n - k)!" 
1.5] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
0.5 ...................... 
-o5  . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . .  J . . . . . . . . . . . .  . . . . . . . .  
-1 .5  . . . . . . . . . . . . . . . . .  i .............................. • . . . . . . . . . . . . . .  : .................. 
-2  i L_ i . . . .  
-2  -1  0 ! 2 
F igure  1. The  images  of ]w[ > 1 under  ffJ(w) when ~ = 1 (.), 2 (* ) ,  1 /2 (×) ,  3 /2 (÷) .  
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It is nontrivial to determine the Faber polynomials explicitly for all a # 1,2, and 1/2 due to 
the complexity of the mapping function. Our goals of this paper are to derive an explicit formula 
of the Faber polynomials for all a's and to explore the possible location of the zeros and local 
extreme points of the Faber polynomials. 
2. LAURENT EXPANSION OF  MAPP ING FUNCTION 
The explicit construction of the Faber polynomials of a given set E depends essentially on the 
knowledge of the mapping function (I)(z) or a2(w). In this section, we determine the Laurent 
coefficients of the mapping function @(w), which will be used in Section 3 for determining the 
coefficients of Fn(z)  and in Section 4 for computing the zeros and the local extreme points 
of Fn(z) .  
THEOREM 1. Let z = k~(w) as in (1.4) and in a neighborhood of  infinity, 
@(w) = w + bo + bi + b2 
W -W-2+ " ' "  
Then bo = 0 and for k = 1, 2 , . . . ,  
I 
'a i  0 0 . . .  aa2 + a3 
42 ai 0 • • • c~a3 + a4 
det a3 a2 a] • .. aa4 + a5 
. ak  ak -1  ak -2  • • • C~ak+l -~ ak+3 
bk = (2~)k  , (2 . i )  
where 
and 
PROOF. Let 
k 
z, al =-2a ,  a2-=242, ak = -1)  r 
r~0 
= ;~.T , = i ,  =0 .  
Then we can write the mapping function @(w) in 
(i - (i/w)) ~ 
g(w)  - (i ~- (I/w)) ~" 
(I.4) 
I + g(w)  
q!(w) = a I - g(w)" 
To get the Laurent expansion of a2(w), we expand g(w) for Iwl > 1, 
g(w) -= ~ ak-~--~, 
k=O 
where 
Now we let 
ao = 1, a l  ~ 2o~, 
k 
r=0 k - -  r " 
52 • (w) = w + b0 + bl + +. . .  
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Then 
that is, 
bi 1 + g(w) 
W q- Z W---~ -~ Ce 
~=0 1 - g(w) 
oo bi / a(1 + (1- g(w)). 
] \ i=0 
Equalizing the above equation, we obtain b0 = 0 and the following system of linear equations. [;00 
a2 al 0 "•  b2 -aa3  q- a4 
a3 a2 al ... b3 = -aa4 + a5 (2.2) 
• . . " " 
k ak -1  ak -2  " " " 1 (~ak+l q- ak+2 
Clearly, the system (2.2) has a unique solution since the determinant of the coefficients matrix is 
a k = (2a) k ~ 0. The Cramer's rule gives (2.1). | 
3.  EXPL IC IT  FORMULA FOR Fn(Z) 
In Section 2, we found the coefficients of the mapping function qd(w). 
coefficients to determine the coefficients of Faber polynomials for D~ (0 < a _< 2). 
THEOREM 2. Let F~(z) be the Faber polynomials of degree n for D~. Then for n > 1, 
Fn(z) = ~ a~l  Dn(j)z n-j, 
j=O 
where 
We now use these 
(3.1) 
and 
Co(j) + C2(j) + C4(j) + ' "  + C,(j), if n is even, 
D , ( j )  = CI(j)+C3(j)+C5(j)+ +C,(j), if n is odd, 
Cn(J)=~=O(i=~o(n--~--l)(--1)iar(i)) (i=~o(--n+iJ+l)an-r(i)) ' 
a~.(i) = Z( -1 )  r i - r ' 
r=0 
PROOF. It follows from the definition of Faber polynomials that Fn(z) generated by D~ is given 
by 
Fn(z) = cn_jz 
j=0 
where cn-j  is the Laurent coefficient in the expansion of {@(z)} n, that is, for j = 0, 1,2 . . . .  , n, 
/ {(I)(z)}n dz, 
Cn_ 3 ~ zn_ j+ 1 
[zJ=R 
with R chosen sufficiently large so that D~ is contained in the interior of the region bounded by 
the circle Izl -- R. Alternatively, using substitution z = qd(w), we obtain for j -- 0, 1, 2, 3 , . . . ,  n, 
f c~_j = {¢~(w)}n_j+l dw. 
Iwl=R>l 
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By Cauchy's Theorem, we see that the coefficients c,~_j's are the same as those of 1/w in the 
expansion of 
w~,I,'(w) 
[~(w)]--J+l " (3.2) 
We now determine the Laurent expansion of (3.2) near infinity. As in Section 2, we write 
1 + g(w___....~) 
gY(w) = a 1 - g(w) ' 
where 
~(~)  = 
(1  - (1 /w) )  a 
(1 + (1 /w) )  a" 
Computing the derivative of ~(w), we get 
w 92(~)  
qy(w)  = -4a  2 w2 _ 1 (1 - g(w)) 2" 
Substituting @(w) and ~'(w) into (3.2) yields 
wnk~'(W) 4W n-1 
o ln- j -  1 
_ 4w n-1 
oLn - j - 1 
1 - (1/w 2) (1 + g(w)) n-j+1 
g2(w)  
1 _--(~-~2) (1 - g(w))n-J-l(1 + g(w)) -n+j-1. 
(3.3) 
For Iwl > 1, we have 
1 - (1/w 2) = w 2s' (3.4) 
and 
O0 
k=O 
(3.5) 
where 
k - -a t  
ak(t)=~=o(-1)r(a;) (k_r)"  
Using (3.5), we compute 
g(w) (1  _ g (~) ) . -~- i  = ~-~(_1)~ n - j  - 1 9~+, (~ ) 
t=O t 
=E (_1) t n - j -1  ak(t) wk. 
k=O t ~ ~ k=O- -  
(3.6)  
Similarly. we have 
g(w)(1 + g(w)) -n+3-1 = t gt+l(w) 
t=O 
E°° (~-~( -n÷j - i )  )1  ~-~Bk 
= t a~(t) -5-~= wk" 
k=O t=o k=O 
(3.7) 
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Combining (3.6) and (3.7) gives us 
g2(w)(1--g(W))n-J-l(l+g(w)-n+j-l= (~-~-~k) (~-~k)  
= ArBk-r ~--g= -~--~. 
k=0 r=0 k=0 
(3.8) 
It follows from (3.3), (3.4), and (3.8) that 
[~(w)]n-j+l -- oln-j-1 W-ff -~ -- oLn-j-1 E Wra" 
t=O ra=O 
Using Cauchy integral formula, we see that the coefficient of l /w, hence, the coefficient of F~(z), 
is given by 
-4  
an_j_1 D,~(j), 
for j -- 0, 1, 2 , . . . ,  n, where Dn(j) is as in the theorem. | 
4. COMPUTATION OF THE ZEROS OF Fn(z) AND F~n(z) 
The zeros and local extreme points of Faber polynomials are often selected as a set of interpo- 
lation nodes in the theory of interpolation and approximation to provide a good approximation 
in complex domains. However, the location of the zeros and the extreme points of Faber poly- 
nomials are only known in rather special cases of the set E (such as circles, segment, etc.). In 
this section, we explore the possible location of the zeros of F,~(z) and of F~(z) on the set D~ by 
illustrating our numerical results for both Fn(z) and F~(z). 
The Faber polynomials F~(z) and its derivative F~(z) have the following determinant repre- 
sentations, respectively, (cf. [8,11]): 
F~(z)=det(zIn-H~), (4.1) 
and 
where 
and 
F~+I(Z ) = (n + 1)det(zIn - Gn), (4.2) 
/ /~  = 
b0 1 0 ... 0 2bl 
bl b0 1 .. .  0 3b2 
b2 bl b0 ""  0 4b3 
: : : : : 
b~-2 bn-3 bn-4 "'" bo nbn-1 
1 0 0 . . .  0 bo 
an ---- 
b0 1 0 -.. 0 0 
bl b0 1 .-. 0 0 
b2 bl bo .. • 0 0 
: : : : : 
bn-2 bn-3 bn-4 .. .  bo 1 
bn-1 bn-2 bn-3 "" bl bo 
are n x n matrices and In is the n x n identity matrix. Consequently, the zeros of Fn(z) and 
of F~+ l(z) are the eigenvalues of H,~ and Gn, respectively. 
The Faber Polynomials 
i 
0 . . . . . . . . . .  i ..................................................... .r~ . . . . . . . . . . . . . . . . . . . . . . .  
. . . .  i . . . . . . . . . . . . . . . . . .  
i 
. . . . . . . . . .  , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ! . . . . . . . . .  
i 
l i i 
-2  - I  0 I 2 3 
- !  
-2  
. -3  
-3  
n=30 
Figure 2. Zeros of Fn(z) (*) and of F~(z) (×) for DI/2 when n = 30. 
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Figure 3. Zeros of Fn(z) (*) and of Fin(z) (×) for DI/2 when n = 31. 
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The symmetry of Do with respect o both axes implies that  the conformal center b0 = 0 and 
the coefficients of Fn(z) and F~(z) are real numbers. The coefficients of ~(w),  hence, elements 
of Hn and Gn, are given by (2.1). We now il lustrate in Figures 2-5 the location of zeros of Fn(z) 
and of F,~(z) when a = 1/2 and a = 3/2. 
Our l imited numerical experiments indicate the following. 
(1) all the zeros of Fn(z) and of F~(z) are located inside Do for all 0 < a <_ 2. 
(2) both vertices z = ±a of Do are the limits of the zeros of Fn(z) and of F~(z). 
(3) the zeros of Fn(z) and of F~n(z) are "interlacing" inside Do. 
314 M. HE 
1[- • 
~ ~-~_2__~ ~ ! 
- I  i . . . . . .  
1 
-5  - , . . . .  i , ~-  . . . . .  ± - -  
-3  -2  -1 0 I 2 3 
Figure 4. Zeros of Fn(z) (*) and of F~(z) (x) for D~/2 when n - 30. 
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Figure 5. Zeros of Fn(z) (*) and of Fin(z) (x) for D3/2 when n = 31. 
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